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Lumley [Lumley J.L.: Adv. Appl. Mech. 18 (1978) 123–
176] provided a geometrical proof that any Reynolds-stress
tensor u′iu′j (indeed any tensor whose eigenvalues are invari-
ably nonnegative) should remain inside the so-called Lum-
ley’s realizability triangle. An alternative formal algebraic
proof is given that the anisotropy invariants of any positive-
definite symmetric Cartesian rank-2 tensor in the 3-D Euclid-
ian space E3 define a point which lies within the realizability
triangle. This general result applies therefore not only to u′iu′j
but also to many other tensors that appear in the analysis and
modeling of turbulent flows. Typical examples are presented
based on DNS data for plane channel flow.
1 Introduction
The introduction in [10] of Lumley’s [9] realizability
triangle is without doubt one of the most important contri-
butions to statistical turbulence theory. The Reynolds-stress
tensor property that serves to prove that every possible (real-
izable) Reynolds-stress tensor should lie within Lumley’s [9]
realizability triangle, is the positivity of the diagonal compo-
nents of the covariance of velocity-fluctuations
ri j := u′iu′j (1a)
in every reference-frame, and hence also in the frame of its
principal axes [9], implying that the tensor u′iu′j is positive-
definite [15, Theorem 2.3, p. 186], is exactly the same as that
behind Schumann’s [11] realizability conditions. Through-
out the paper, ui ∈ {u,v,w} are the velocity components in a
Cartesian coordinates system xi ∈ {x,y,z}, ν is the kinematic
viscosity, (·)′ denotes Reynolds (ensemble) fluctuations and
(·) denotes Reynolds (ensemble) averaging.
Lee and Reynolds [8] further argued that Lumley’s [9]
realizability triangle also applies to the dissipation tensor
εi j := 2ν
∂u′i
∂xk
∂u′j
∂xk
(1b)
and to the covariance of the fluctuating vorticity components
ζi j := ω′iω′j (1c)
where ω′i are the fluctuating vorticity components. Obvi-
ously the diagonal components of both these tensors are pos-
itive for every orientation of the axes of the Cartesian coor-
dinates system.
Realizability constraints are essential not only in theory
and modelling [9, 10] but also in computational implemen-
tations of second-moment closures [2, 3]. The same pos-
itivity of the diagonal components for every orientation of
the axes of coordinates, which is equivalent to the positive-
definiteness of the symmetric real tensor [15, Theorem 2.2,
p. 186], and implies Lumley’s [9] realizability triangle, can
also be of interest to the unresolved stresses [14] in partially-
resolved approaches [6].
Lumley’s [9] proof of the realizability triangle is geo-
metric, based on representing the behaviour of 2 of the prin-
cipal values of the traceless anisotropy tensor, and taking into
account the corresponding behaviour of the invariants. An al-
ternative easy-to-follow algebraic proof is possible, based on
just 2 requirements
1. the symmetric Reynolds-stress tensor has 3 real eigen-
values [12, Theorem 2, p. 55]
2. which are nonnegative [9, 11] with nonzero trace (posi-
tive kinetic energy)
which also apply to any symmetric real positive-definite
rank-2 tensor in E3.
2 Anisotropy, principal axes and invariants
Before giving the proof, we summarize for complete-
ness some basic definitions and properties [9, 12]. The ten-
sor of the 2-moments of fluctuating velocities ri j (1a) is real
and symmetric, and is therefore diagonalizable in the frame
of its principal axes [12, Theorem 5, p. 59], where its diag-
onal components (principal values) are its real [12, Theorem
2, p. 55] eigenvalues [12, Theorem 4, p. 58]. This implies
that the eigenvalues of r, being its diagonal components in
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the frame of its principal axes, are nonnegative. Since the
eigenvalues of the symmetric tensor r are nonnegative, r is
positive-semidefinite [15, Theorem 2.3, p. 186]. Inversely,
the diagonal components of every positive-semidefinite ten-
sor are nonnegative [15, p. 186]. The halftrace of r is the tur-
bulent kinetic energy and is therefore nonzero (trr = 2k> 0),
implying that at least one of its eigenvalues is nonzero (there-
fore r is positive-definite, which inversely implies nonzero
trace). Let Λr and Λbr
Λr :=
λr1 0 00 λr2 0
0 0 λr3
 ; Λbr :=
λbr1 0 00 λbr2 0
0 0 λbr3
 (2a)
be the diagonal matrices of the eigenvalues of r and br , re-
spectively, where
br :=
r
trr
− 13I3 =⇒

Ibr = trbr = 0
IIbr = − 12bri jbr ji
= − 12λbr iλbr i < 0
IIIbr = detbr = λbr1λbr2λbr3
(2b)
is the traceless anisotropy tensor corresponding to r and I3
is the 3× 3 identity tensor, with the usual definition of the
invariants [12, (6), p. 51], simplified [9] by the relation
Ibr = trbr = 0 (2b), and the corresponding expressions in
terms of the eigenvalues in the frame of principal axes [9].
By definition (2b), br is real symmetric, and has therefore
real eigenvalues [12, Theorem 2, p. 55]. It is straightforward
to show that the eigenvectors of r are also eigenvectors of br .
Let Xr and Xbr denote the orthonormal matrices [12, Theo-
rem 5, p. 59] whose columns are the right eigenvectors of r
and br , respectively, and therefore satisfy
r ·Xr =Λr ·Xr ; br ·Xbr =Λbr ·Xbr (3a)
By straightforward computation using (2b, 3a)
br ·Xr (2b)=
( r
trr
− 13I3
)
·Xr = 1trr r ·Xr −
1
3Xr
(3a)
=
(
1
trr
Λr − 13I3
)
·Xr (3b)
implying by (3a)
Xbr
(3a, 3b)
= Xr (3c)
Λbr
(3a, 3b)
=
1
trr
Λr − 13I3 ⇐⇒ λri = (trr)
(
λbri +
1
3
)
(3d)
ie r and br have the same system of principal axes and their
eigenvalues are related by (3d).
3 Proof
As stated in the introduction the algebraic proof of Lum-
ley’s [9] realizability triangle can be easily obtained from 2
well-known conditions, also discussed in (§2). The eigenval-
ues of br satisfy the characteristic polynomial [12, (5), p. 51]
λ3br − Ibr︸︷︷︸
(2b)
= 0
λ2br + IIbr λbr − IIIbr = 0 (4a)
The roots of the cubic equation (4a) are real iff [7, pp. 44–45]
its determinant is nonpositive,1 ie
br has 3 real eigenvalues ⇐⇒
( 1
9 (3IIbr )
)3
+
( 1
2 IIIbr
)2 ≤ 0
⇐⇒ −IIbr ≥ 3
( 1
4 III
2
br
) 1
3 (4b)
readily implying that possible (realizable) states must lie
(Fig. 1) above the 2 branches of axisymmetric componen-
tality in the (IIIbr ,−IIbr )-plane [13]. Furthermore, the eigen-
values of r representing also its diagonal components in the
system of principal axes [12, Theorem 4, p. 58] must be
nonegative, also implying that detr = λr1λr2λr3 ≥ 0, the last
of the 3 realizability conditions of Shumann [11]. Using the
relation (3d) between the eigenvalues of r and br
0≤ 1
(trr)3
λr1λr2λr3
(3d)
=
(
λbr1 +
1
3
)(
λbr2 +
1
3
)(
λbr3 +
1
3
)
(2)
= 127 +
1
3 IIbr + IIIbr ⇐⇒ −IIbr ≤ 19 +3IIIbr (5)
implying that possible (realizable) states equally lie (Fig. 1)
below the 2-C straight line in the (IIIbr ,−IIbr )-plane [13].
The intersection of these 2 inequalities is precisely Lumley’s
[9] realizability triangle
(4b, 5) =⇒ 3( 14 III2br ) 13 ≤−IIbr ≤ 19 +3IIIbr (6)
and is defined by the 2 conditions stated in (§1), viz that the
eigenvalues of r are real and positive.
Notice that (6) describes precisely a curvilinear trian-
gle (Fig. 1), because the 2 axisymmetric branches −IIbr =
3
( 1
4 III
2
br
) 1
3 (4b) are obviously described by the same single-
valued function of IIIbr with a cusp at (−IIbr , IIIbr ) = (0,0),
defining the isotropic 3-C corner [13, Fig. 4, p. 3]. The
intersections of this single valued function with the straight
line −IIbr = 19 + 3IIIbr (5) are the roots of 3
( 1
4 III
2
br
) 1
3 =
1
9 + 3IIIbr ⇐⇒ III3br − 536 III2br + 1243 IIIbr + 119683 = 0 ⇐⇒(
IIIbr +
1
108
)(
IIIbr − 227
)2
= 0, defining the 2 other corners,
viz the 1-C corner [13, Fig. 4, p. 3] (−IIbr , IIIbr ) = ( 13 , 227 )
corresponding to the double root 227 and the isotropic 2-C
point [13, Fig. 4, p. 3] (−IIbr , IIIbr ) = ( 112 ,− 1108 ).
1The cubic equation x3 + ax2 + bx+ c = 0 has 3 real roots iff [7, pp.
44–45] the determinant is negative, ∆3 = [ 19 (3b− a2)]3 + [ 12 (c+ 227a3 −
2
27ab)]
2 ≤ 0. If ∆3 = 0 then 2 roots are identical.
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Fig. 1. Lumley’s [9, 13] realizability triangle (6) for a positive-definite symmetric real rank-2 Cartesian tensor r in the 3-D Euclidean space,
plotted in the (IIIbr ,−IIbr )-plane of the invariants (2b) of the corresponding anisotropy tensor br (2b), and representation of the inequalities
(4b, 5) whose intersection defines the region of realizable states.
4 Applications
Obviously the property applies not only to the Reynolds-
stresses ri j (1a), their dissipation εi j (1b) or the vorticity co-
variance ζi j (1c), but also to any tensor with nonnegative
diagonal values. Typical examples are the destruction-of-
dissipation tensor [4, 5]
εεi j :=4ν
2 ∂2u′i
∂xk∂xm
∂2u′j
∂xk∂xm
(7a)
which represents the destruction of εi j by the action of
molecular viscosity [5, (3.3), p. 17] or the destruction-of-
vorticity-covariance tensor
εζi j :=2ν
∂ω′i
∂xk
∂ω′j
∂xk
(7b)
which represents the destruction of ζi j by the action of
molecular viscosity [1, (20), p. 458].
Regarding acceleration fluctuations (Dtui)′ most authors
generally study the variances of its components [17, 18] and
its splitting, based on the momentum equation, in a pressure
part ρ−1∂xi p′ (also called inviscid) and a viscous part ν∇2u′i
(also called soleneidal because, by the fluctuating continu-
ity equation [5, (3.2a), p. 17], it is divergence-free). As for
the fluctuating vorticity correlations, we may define the sym-
metric positive-definite tensor of fluctuating acceleration cor-
relations aci j and the corresponding inviscid and solenoidal
parts
aci j :=
(
Dui
Dt
)′(Du j
Dt
)′
(7c)
ac(p)i j :=
1
ρ2
∂p′
∂xi
∂p′
∂x j
(7d)
ac(ν)i j :=ν
2 ∂2u′i
∂xm∂xm
∂2u′j
∂xk∂xk
(7e)
We consider DNS results of fully developed (streamwise
invariant in the mean) turbulent plane channel flow [4, 5], in
a streamwise×wall-normal×spanwise Lx×Ly×Lz = 4piδ×
2δ× 43piδ computational box, and use standard definitions
[5, §3.2, p. 18] of computational parameters (Figs. 2, 3).
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Fig. 2. Components, in wall-units [5, (A3), p. 28], of the positive-definite symmetric tensors (1, 7), plotted against the inner-scaled wall-
distance y+ (logscale and linear wall-zoom), from DNS computations of turbulent plane channel flow [4, 5].
Regarding ri j (1a), its dissipation-rate εi j (1b) and the de-
struction of that dissipation εεi j (7a), notice that the shear
component (·)xy is generally of the order-of-magnitude of
the wall-normal component (·)yy (Fig. 2). Sufficiently far
from the wall [8] ri j is expected to reflect the anisotropy of
the large turbulent scales (typical size `T), whereas εi j is ex-
pected to reflect the anisotropy of the smaller scales (of the
order of the Taylor microscale λ). The scaling arguments of
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Fig. 3. Locus, within Lumley’s [9, 13] realizability triangle (6) in the (III,−II)-plane, of the anisotropy invariants (2b) of the positive-definite
symmetric tensors (1, 7), from DNS computations of turbulent plane channel flow [4, 5].
Tennekes and Lumley [16, pp. 88–92] suggest that, again
sufficiently far from the wall, εεi j reflects the anisotropy of
scales between λ and the Kolmogorov scale `K. It is there-
fore noteworthy that they appear to share a seemingly similar
anisotropy (·)xx> (·)zz> (·)yy ∀y+' 1 (Fig. 2). Nonetheless,
very near the wall (y+ / 1; Fig. 2), where all these length-
scales collapse to 0, εεzz becomes larger than εεxx . Vorticity
covariance ζi j (1c) is expected [16, pp. 88–92] to reflect the
anisotropy of the same scales as εi j, and its destruction εζi j
(1b) corresponding to the same scales as εεi j . Both ζi j and
εζi j have a very weak shear component (·)xy (Fig. 2). Their
componentality obviously differs from that of {ri j,εi j,εεi j},
because in the major part of the channel (·)xx u (·)yy < (·)zz
(y+ ' 10; Fig. 2). Nonetheless, ζyy →
y+→0
0 (2-C at the wall),
contrary to εζyy (Fig. 2), and in the sublayer εζxx and εζzz
cross each other (y+ / 1; Fig. 2), in analogy with the ob-
served behaviour of εεi j .
Regarding the acceleration correlations, aci j (7c), ac
(p)
i j
(7d) and ac(ν)i j (7e), again the shear component is substan-
tially smaller than the diagonal components (Fig. 2). Recall
that the fluctuating momentum equation [5, (3.2b), p. 17]
Du′i
Dt
=−1
ρ
∂p′
∂xi
+ν
∂2u′i
∂xm∂xm
(8a)
readily implies
(7c–8a) =⇒ aci j =ac(p)i j +ac(ν)i j
−ν
ρ
(
∂p′
∂xi
∂2u′j
∂xk∂xk
+
∂p′
∂x j
∂2u′i
∂xm∂xm
)
(8b)
where the last cross-correlation tensor is symmetric but in-
definite. The componentality of the acceleration correlations
aci j (7c) is quite different from that of its pressure ac
(p)
i j (7d)
and viscous ac(ν)i j (7e) parts, as these correlations are the foot-
print of different mechanisms occurring mainly at different
scales. In the buffer layer (10 / y+ / 100; Fig. 2) viscous
acceleration is mainly in the streamwise direction, but in
the sublayer ac(ν)zz increases and crosses with ac
(ν)
xx at y+ u 1
(Fig. 2), in analogy with the other correlations between com-
ponents of the fluctuating velocity Hessian, εεi j (7a) and εζi j
(1b). The wall normal component ac(ν)yy becomes compara-
ble to the other diagonal components only sufficiently away
from the wall (y+ ' 30; Fig. 2). On the other hand, accel-
eration induced by fluctuating pressure forces ac(p)i j (7d) ex-
hibits a ac(p)zz > ac
(p)
yy > ac
(p)
xx anisotropy in the buffer layer
(10 / y+ / 100; Fig. 2), whereas near the wall ac(p)yy →
y+→0
0
(y+ / 10; Fig. 2). Finally, the acceleration correlations be-
have quite differently from the 2 parts in the fluctuating mo-
mentum equation (8a), implying that the cross-term in (8b)
is important, and especially so near the wall where scale-
separation tends to disappear, and is directly responsible for
the differences in limiting behavior (Fig. 2)
lim
y+→0
aci j =0 (8c)
lim
y+→0
ac(p)i j 6=0 (8d)
lim
y+→0
ac(ν)i j 6=0 (8e)
More precise information on the componentality of
these positive-definite symmetric tensors (1, 7) is obtained
by considering their anisotropy invariant mapping (AIM) in
the (III,−II)-plane (Fig. 3). Only ri j (1a), εi j (1b), ζi j (1c)
and aci j (7c) are 2-C at the wall (Fig. 3). The fluctuating
acceleration correlations aci j (7c) reach the 2-C state near,
although not exactly at, the axisymmetric disk-like bound-
ary (Fig. 3). The tensors representing correlations between
components of the fluctuating velocity Hessian, εεi j (7a), εζi j
(1b) and ac(ν)i j (7e), invariably reach the axisymmetric disk-
like boundary of the realizability triangle very near y+ u 1
(Fig. 3), roughly where the streamwise (·)xx and spanwise
(·)zz components cross each other (Fig. 2), and then return
inside the realizability triangle as they approach the wall
(Fig. 3). Near the centerline, aci j approaches disk-like ax-
isymmetry (Fig. 3), contrary to ac(p)i j (7d) and ac
(ν)
i j (7e),
both of wich are axisymmetric rod-like (Fig. 3). The differ-
ence is that acxx < acyy u aczz ∀y+ ' 50 (Fig. 2), whereas
ac(p)xx > ac
(p)
yy u ac(p)zz ∀y+ ' 80 (Fig. 2). Finally ac(p)i j ap-
proaches the 2-C boundary without reaching it, and then re-
turns inside the realizability triangle (Fig. 3). Notice that by
(8a, 8c) [ac(p)i j ]w = [ac
(ν)
i j ]w at the wall.
5 Conclusion
The simple algebraic proof presented above, can be
summarized in the following mathematical proposition:
Theorem (Lumley’s realizability triangle). Let r be a
real rank-2 Cartesian tensor in the 3-D Euclidean space E3.
Assume r symmetric and positive definite. Then the locus of
the invariants (2b) of the corresponding anisotropy tensor br
(2b), in the (IIIbr ,−IIbr )-plane, lies within Lumley’s realiz-
ability triangle (6). 
The proof (§3) follows directly from the well-kown fact
that the principal values of r are real and nonegative. By its
algebraic nature it leads directly to the inequality (6), which
defines Lumley’s realizability triangle. It is obtained in the
actual (IIIbr ,−IIbr )-plane, with no need of transformation of
the invariants or explicit analysis of the limit states at the
boundaries of the realizability triangle. The novel algebraic
proof reported in the paper helps to better grasp the classic
geometric proof given in Lumley [9].
Many symmetric tensors with nonnegative diagonal val-
ues are encountered in the analysis of turbulent flows. Sev-
eral, by no means exhaustive, examples are studied, using
DNS data for plane channel flow, illustrating how anisotropy
invariant mapping (AIM) within the realizability triangle can
improve our understanding of their componentality behavior.
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